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Abstract

Fuzzy formal concept analysis(FFCA) is a development of formal concept analy-
sis(FCA) with the degree of relation between objects and attributes. Using FCA
approach, we will investigate the condition logical implication for fuzzy functional
dependency. We also use Armstrong’s rule to define soundness and completeness of
our implication and fuzzy functional dependency model. We show difference and
equivalence condition between fuzzy implication and fuzzy functional dependency.
This condition can be used to develop the algorithm for finding attribute depen-
dency.

Keywords:Formal Concept Analysis, Fuzzy Implication, Fuzzy Functional Depen-
dency.

1. INTRODUCTION

Dependency theory is an essential theory in data analysis. A notion of functional depen-
dency, which is a constraint between two sets of attributes has been introduced by Codd [10].
Model of attribute dependency has been developed by Belohlvek et al. [7, 8, 6].

In the real condition, it is difficult to give ”certain” value for representing the condition.
We have to deal "uncertain” condition with the ”degree”. For example, we give value from 0
to 1 to define the condition ”Healthy Food”, ”"Regularly Exercise”, ” Cholesterol”

Name | Healthy Food | Regularly Exercise | Cholesterol
Asep 0.8 0.7 0.2
Ujang 0.3 0.7 0.5
Paijo 0.1 0.3 0.87

TABLE 1. List of Patients

From table 1, we use ”degree” value to define high possibility of the condition. We would
like to find the correlations between attributes. We have to use fuzzy system to define the
correlation. From table 1, we can suspect that ”Healthy Food” and ”Regularly Exercise” have
impact to the ”Cholesterol ((Healthy Food, Regularly Exzercise) — Cholesterol). In this
research, we would like to investigate the dependency and implication in fuzzy case.

In the first section, we formalize fuzzy relation from fuzzy theory that has been introduced
by Zadeh[19]. The Fuzzy relational database is a development model of the relational database
to process imprecise data. Fuzzy relational database and its operation have been developed
by Nakata et al.[14], Raju[16], and Umano et al.[17]. Formal operation of the fuzzy relational
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database using relational calculus has been developed by Okuma et al.[15], Akbar et al.[1, 2].
After defining model of the fuzzy relational database, fuzzy functional dependency and lossless
decomposition have been defined by Raju[16], and Bhuniya[9]. Class dependency is a new
dependency using fuzzy partition and conditional probability. Fuzzy class dependency has
been developed by Akbar et al. [3].

Ganter and Wille defined logical implication for a formal concept analysis[12]. Formal
concept analysis is a method in data mining using lattice theory proposed by Wille[18]. Ishida
et al. have been developed a formalization of completeness and soundness for functional depen-
dencies based on [5] using relational calculus[13]. They showed a relation-algebraic proof of the
completeness theorem for Armstrong’s inference rules in a Schréder category. Comparing for-
malization to a functional dependency and a logical implication of FCA was also investigated.
We extend its formalization using a fuzzy relational concept. A notion of fuzzy was initially
proposed by Zadeh[19]. In section 5, We define fuzzy equivalence relation using an indiscernibil-
ity relation by Diintsch and Glinther[11] to construct a fuzzy functional dependency in section
7. In section 6, we formalized a fuzzy implication. Then in section 8, we give the Completeness
theorem for fuzzy implication and fuzzy functional dependency. In section 9, The main purpose
of our formalization is investigating correlations between a functional dependency and a logical
implication of FCA. We follow the Ishida’s approach to defining Armstrong’s inference rules
that explain in section 4, and show the soundness and completeness in our formalization using
a fuzzy relation.

We introduce the formalization of the fuzzy equivalence relation, fuzzy implication de-
pendency, and functional dependency. The formalization can be used to analyze the equivalent
condition between functional and implication. We prove theorems in our formalization of fuzzy
concepts using relational calculus. Since our proof is using relational calculus, it is simple
and its correctness can be easily verified. We also show the logical comparison between fuzzy
implication dependency and functional dependency. Further, the comparison is important as-
pects for making the algorithm of fuzzy functional and implication dependency. We show some
examples of the application of data analysis. Since formal concept analysis is essential theory
in data analysis, we believe our formalization useful for data analysis. Future work includes to
constructing a theory of fuzzy relational database theory with computer verified formal proofs
using relational calculus.

2. Fuzzy RELATIONS

In this section, we summarize basic notations for fuzzy relations. We denote the set
{x € R|0 < x < 1} as [0,1]. The supremum and infimum of a family {zx}rea of elements

) € [0,1] is denoted by \/ z) and A x), respectively. In particular, z V 2’ = max{z,2'},
AEA A€A

x Az’ = min{z,2'} for x,2’ € [0,1]. For two elements z,z’ € [0,1], the relative pseudo-
complement = of x relative to z’ defined by x = ' := [z < 2'] V 2/, where
, 1 ifx <o/,
[z <2]:= )
0 otherwise .

Lemma 2.1. (a) Let z,y,z € [0,1] then x < (y = z) if and only if x Ny < z.
(b) Let v, B,y be fuzzy relations, a, 8,7 : X — Y thena C (8 = 7) if and only if aNfC . O

We extend to define fuzzy operations Li(union), M(intersection), C(subset), = (the relative
pseudo-complement), and constants 045 (least), V 4p(greatest) in F Rel, as follows:

(1) (aUp)(a,b) :=ala,b)V B(a,b),

( ) (al—lﬂ)(avb) = a(a,b)/\ﬁ(a,b),

(3) ala,b) C B(a,b) iff afa,b) < B(a,b),
(4) 045(a,b):=0, and

(5)
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The fuzzy power set p;(Y) of a set Y is the set of all fuzzy relations p : I — Y, where
I denotes a singleton set {*}. A fuzzy relation p in p;(Y") is called a fuzzy relation into Y .
We will identify a point y of Y with a (crisp) fuzzy relation ¢ : I — Y such that §(x,y’) = 1 if
y =y and §(*,y") = 0 otherwise.

Let B : I — Y be a fuzzy relation and y € Y . The restriction By of B on y is a fuzzy
relation into Y such that

B(x,y) Y =y
By(%,y) = ’ ’
u(y) {O Otherwise

It is trivial that B = Uycy By.
A fuzzy relation B : I — Y is finite if By, = Ory except for a finite number of y € Y, or
equivalently if there is a finite subset J C Y such that B = U,c s B,.

3. Fuzzy CONTEXT

Attribute values in ordinary databases may allow to be characters or strings as well as
numbers. A context is a special database whose all attribute values are the truth values 0 and
1. A fuzzy context is a fuzzy relation o : X — Y , which is equivalent to its intent function
a®: X — p(Y) defined as a®(z) = xa for all z € X. Thus the fuzzy context a : X — Y is
equivalent to an X-indexed set 7 = {zxalz € X} of fuzzy relations into Y , where xa: denotes
the composite of fuzzy relations z: I - X and a: X — Y.

Yi | Y2 | Ys | -
29 |01]05] 0 |-+ | zox
1 109 1 03] - | 1«

x| 0 07102 - | zocx

z, | 04| 1 0| - | zpo
TABLE 2. Fuzzy Context Table

T ={zo, 110, ..., zpa} C ps(Y).

In what follows a subset 7 of p(Y") will be called a fuzzy context on Y.
Remark.

A is a fuzzy relation into Y
+ A:I —Yis a fuzzy relation
< A:IxY —[0,1] (1)
< Aecpp(Y)

4. ARMSTRONG’S INFERENCE RULES

Armstrong’s inference rules gives a basic framework of databases to treat the logical
structure of dependencies on an attribute set. Let A and B be fuzzy relations into Y . A
formal expression A > B, namely, an ordered pair of A and B, is called a dependency on the
attribute set Y.

Armstrong’s Inference Rules

A B A>B BUCP>D
MMADA []AUCDB [A2] AUC>D
JAJB sA>B CID JA>B Bp>C
MMADB m”AUCDBuD [A2] A C
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Let £ be a set of dependencies on Y . A derivation (or proof ) from £ is a nonempty sequence
{AO > Bo,Al > Bh...,Am > Bm}
of dependencies such that, for all £ = 0,1, ...,m, one of the following holds:

(1) A = Bk([AOD or A, > By is in ,C,

(2) Ji < k such that:

Ai > B;
Al ——
[ ] Ak > By

(3) Ji,j < k such that:
Al' > B; Aj > Bj
Ak > B

A dependency A > B is provable from L, written as £ + A > B, if there is a derivation
{Ag > By, A1 > By, ..., Ay > By, } from L such that A = A,,, and B = B,,.

The system of inference rules [A0’], [Al’] and [A2’] is a mild variant of [A0], [Al] and
[A2]:

o [A0],[A1],[A2] — [A0], [A1], [A2]
AJA
A A

Ap> B ———
> C d0ry
AUC>B

A> B

cacC
— =~ BpCp>D
AJC>BUC . [A2].

[A2]

I

[A0]

.. [A0]

[A1] ... [A1]

[A1]

[42] AUuC>D
o [A0],[A1],[A2] — [AQ], [A1'], [A2']

B> B
(Al B>B 45p
BUA>B ...[AOI]

A> B

CcC3D
BUCIBUD
A> B [A))| —————
> [ ]BHCDBHD [Al/}
AuCr>BUD o

B> C
ADB[Al]EEXga

AUAD>C '
.. A2
A C [47]

For example, the union rule

[A2]

[A2]

A>B Ax>C
A>BuUucC
is proved from [A1’] and [A2’] as follows:
A>B AJA A1) A>C BB
AJAUB AJBpBJC
Ax>B3JC
After all it makes no change to the provability for dependencies to add the rules [AQ’], [A1’],
[A2’] and [A3] into the formation rules of derivations.
Let £ be a set of dependencies on Y and A a fuzzy relation into Y . Define a subset L4

of ps(Y) by

[43]

[AY]

[A2]

Ly={C:I=Y|LF A C}.
Lemma 4.1. Let B be a finite fuzzy relation into Y . Then L+ A B if and only if BT UL 4.
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Proof. (—) Assume L+ A> B. Then B € L4 by the definition of £4 and so B C LUL4.

(<) As B is finite there is a finite subset J C Y such that B = Uye;B,. Assume
BC UL, and let y € J. Then we have B, C UL, and

By(+.y) = B(+,y)

< VeeraCxy)

= maxcer, C(*,y)
( = Because the set [0, 1],, of fuzzy values is finite.) Hence

3D € La.By(x,y) < D(x,y),
which implies B, & D. Hence we have L - A > B,, since
{A>D,D> B,,A> By}

is a derivation from £. Therefore £ - Ar> B holds by the union rule [A3], because B = Uyc B,y

is a finite union. O

Remark. The above lemma always holds if the attribute set' Y is finite.

5. EQUIVALENCE RELATION

In mathematical logic, equivalence relation is binary relation which is reflexive, symmet-
ric, and transitive. In this definition, we use definition of indiscernibility relation that was
introduced by Ganter and Wille[12]. We extend the definition of indiscernibility relation for
fuzzy relation to define equivalence relation. We also show that the definition has the charac-
teristics such as: reflexive, symmetric, and transitive. Definition of equivalence will be used
to define fuzzy dependency in next section. The following definition is equivalence relation for
general case(fuzzy and boolean case)

Definition 5.1. Let A be a fuzzy relation into Y . Define an equivalence relation 6[A] on

pr(Y) by
(S,T)€f[A] + SNA=TnNA.

Note that 0[A] is crisp.
Proposition 5.2. Let A and B be fuzzy relation into Y. Then
(a) Q[V[y] = idpf(y) and 9[0[y] = fo(y)pf(y),
(b) O[A L B] = 0[A] N 9[B],
(c) O]AN B] = 0[A)9[B].
Proof. (a-1)
(S,T) S G[Vn/] < SOVy =TNVry
= S=T
Since S = T' then we can conclude that (S, 5) € 0[Vry] so we have 0[Vy] = id,(v)
(a-2)
(S,T) €0V, (v)psv) = ST O0ry =T M O0ry
+ (S,T) € 0[0rvy]
Then we can conclude that 0[0ry] =V, (v, v)-
(b)
(S,T)e[AUB] < SN(AUB)=TnN(AUB)
S (SNA=TNAANSNB=TMNB)
«~ ((S,T) € 0[A]) AN {(S,T) € 0]B))
< (5,T) € [A] N O[B]
Then we can conclude that 0[A U B] = 6[A] N [B].
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()
(S,T)ef[ANB] < SN(ANB)=TN(ANB)
SHIVSNA=UNAAN{UNB=TMNB)
< 3U(S,U) € 9]A]) A{(U,T) € 0[B])
< (S,T) € 0[A].0|B]

:trivial.

&
5: Set U = (SMA)U (TN B). Then we have

UnNA=((SNA)UTNB))NA
=(STMA)U(TNBMA)
=(SNAuSnNBMNA) {SN(ANB)=TMN(ANB)}
=(5n4)

6. Fuzzy IMPLICATION

In formal concept analysis, implication is very important. Implication will construct
concept latices of formal context. Using the definition logical implication in formal context, we
will extend the definition in case of fuzzy formal context. We will define fuzzy implication then
we will use it to show Armstrong’s rule for fuzzy implication. We also show the soundness and
completeness of fuzzy implication in the next section.

Definition 6.1. Let T be a fuzzy context on'Y , A> B a dependency on'Y and L a set of
dependencies on Y, we define that fuzzy context table has fuzzy implication (T =q), with the
definition:

(o) TEGCA>BNTeT(ACT —-BLCT),

(b)) TEc L VA>Be LT =g A B.

For a fuzzy context T on Y we define another fuzzy context 7* on Y by
T ={nC|C C T}.
Note. For example, {za|z € X }* is the set of all formal concepts for a fuzzy relation a : X — Y.

Proposition 6.2. 7 =¢ A>B <+ T*=¢ A> B.

Proof. («) It is trivial from 7 C T*.
(—) Conversely assume 7 =g A> B and let U =1C € T* for C C T . Then

ACUGYCECACC (U =rc)
«VCeCACC {CeT,T=c A> B}
& BCU (U =T}
which proves T* =¢ A> B. O

Proof.
TlEcA>B«VYT.(ACT)— (BCT)
HEYCCTNTEC(ACT) = (BCT)
& VCCT.(ACTC) = (BEMC)
T "EcA>B
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The implication dependencies also satisfy the Armstrong’s inference rules. Next propo-
sition, we would like to show the soundness of fuzzy implication on formal context.

Proposition 6.3. Let T be a fuzzy context on'Y . Then

(a) T Eq A A, (A0)
(b)) If T =¢ A> B ,then T =¢ AUC > B, (A1)
(c)IfTEcA>B and T = BUC > D, then T = AUC > D. (A2)
Proof. (a) Trivial from definition.
(b) Assume 7 =g A> B and let T € 7. Then
AUCCT—-ACT
—BCTAT ¢ A B}
Hence 7 ¢ AUC > B.
(c) Assume T =g A>Band T Eq BUC > D. Let T € T. Then
AUCCT < ACTACLCT
—+BLCTACCT {T Ec¢ A> B}
~+BUCLCT
S DCT. {T =¢ BUC > D}
Hence T ¢ AUC > D. O

Proposition 6.4. Let To = {A} be a particular fuzzy context on'Y such that A # V1Y . Then
(a)%):(;()[yDC(—)CEA,
(b)%}ZC;C'DV]yHCZA.

PT’OOf, (3)76):Go[y[>C<—>(0]yEA—>CEA)<—>CEA

7. Fuzzy FUNCTIONAL DEPENDENCY

In relational database theory, a functional dependency is a constraint between two sets
of attributes in a relation from a database. Functional dependency is one of important topic
in database theory. Using functional dependency, we can conclude all "superkeys” in database
systems. Baixeries et al has been introduced model of functional dependency on FCA[4]. We
would like to extend his definition to fuzzy case.

Definition 7.1. Let T be a fuzzy context on'Y and Ar> B a dependency on'Y, we define that
fuzzy context table has fuzzy implication (T =F), with the definition..

TErA>B VS TeT(SNA=TNA—-SNB=TNB)
« VS, T e TA(S,T) € 0[A] — (S,T) € 6|B]).
Using Definition7.1, we can investigate fuzzy functional dependency between attributes.
Lemma 7.2. Let T = {S,T} be fuzzy context on'Y. then
TErA>B« (SNA=TNA—-SNB=TNB)
The functional dependencies satisfy the Armstrong’s inference rules. Next proposition,
we would like to show the soundness of fuzzy functional dependency.
Proposition 7.3. Let T be a fuzzy context on'Y . Then
(a)T Er A A, (A0)
(b)) If T Er A> B jthen T =p AUC > B, (A1)
(c) If T lErp A B jthen T =p BUC>D ,and T Ep AUC > D, (A2)
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Proof. (a) It is trivial.

(b) Assume 7 |=p A> B and C € ps(Y).Then for all S,T € T we have
SNAUC)=TnN(AUC)
—SMA=TnNA {(AuC)nA=A}
—-SNB=TNB {T =r A> B}
which proves T Er AUC > B.

(c)Assume T Ep A> B and T =p BUC > D. Then for all S,T € T it holds that
SNAUC)=TnN(AuUC)
SSMNA=TNAANSNC=TNC)

—(SMIB=TNB)A(STIC =TNC) {T =p A B}
«SnNBUC)=TN(BUC)
—=SND=TnDo, {T Er (BUC)1> D}

which proves T =p AUC > D. O

After we showed the soundness of fuzzy functional dependency, we would like to de-
fine some condition of fuzzy functional dependency. The definition is important to show the
completeness. We will show the completeness in the next section using the definition.

Definition 7.4. Consider a particular fuzzy context To = {A,Viv} onY such that A # Viy.
Then for all fuzzy relations C into Y the following holds:

(a)To lZFOIyDCHCEA,

(b)TO ':CDV]yHCZA

Proof. (a)
TErOy>C
S (A, Viy) € 00ry]) — (A, Viy) € 0[C]) (5.2}
(A, Viy) € 0[C] {0[01v] = Vo, (v)p,m}
SANC=0yNC=C {CCViv}
«~CCA
(b)
TErViy>C
S (A, Vy) €0C)) — (A, Viy) € 0]0ry]) (5.2}
(A, Viy) € 0[C]) A (A =V1y) {0lViv] =Vy,m}
(A, Viy) € 0[0] {A#Viyv}
~CUZA {proof of (a)}

8. COMPLETENESS

Now we will state the soundness and the completeness theorems of functional and impli-
cation dependencies for fuzzy contexts.

Theorem 8.1. Let L a set of dependencies and At> B a dependency on a finite setY . Then
the following equivalence holds:

LEADPB&T Cor(Y)(TEe L—=T e A> B),
where ¢ = F or (.
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Proof. (—) (soundness) Assume £+ A> B and 7 o £. Then T o A> B holds, because of
the basic facts (A0), (A1) and (A2) in 5.5 and 6.3.

(«-) (completeness) Assume V7 .(T = L = T [=e AD> B).

(I) In the case of ULy = Vy.

ULy =Viy = BC UL, {BC Viyv}
—~LFAD>B {3.1}

(IT) In the case of ULA6 = Vy. By 5.6 and 6.4 we can choose a fuzzy context 7Ty satisfying
the following conditions:

(a) 7—0 ):. 0[y\>0<—>CEU£A,

(b) To F.ODV}yHCEUEA.

Then we will see Ty e £, that is, 7o e C > D for all C > D € L.

(II-i) In the case of C'C UL 4.

CCULy & LEA>C {3.1}
— LEA>D {C>D e L [A2}
“ DC ULy {3.1}
“ To Ee Ory > D {(a)}
— ToEe C> D {(A0)Ty e C 1> 01y, (A2')}

(II-ii) In the case of C' Z UL 4.

9. COMPARISON

After we define fuzzy implication and fuzzy functional dependency. In this section, we
would like to show the comparison between an fuzzy implication and a functional dependency.
The following example will show the difference between fuzzy implication and functional de-
pendency.

Example 9.1. Let X = {x1,x2,73,24,25} be a domain of objects, Y = {y1, y2,y3,ya} be a
domain of attributes. Consider o : X — Y be a fuzzy relation defined by Table 3. We assume
A ={(¥1,0.9)}, B = {(y3,0.5)}, C = {(y2,0.9)}, D = {(v4,0.4)} be fuzzy relations into Y
(i.e. A,B,C,D € p¢(Y))

Y1 | Y2 | Y3 | Y4
x| 0510504 04
xo | 0.6 06| 1 1

x3 | 0.1]107| 1 1

x4 | 091090404
x5 | 0.7]1 0.7 0.2 0.2
TABLE 3. Fuzzy Relation a: X —Y

From example we got:

(1) TEr A>B and T g A> B
If we compare tuple in "x4”, Ty then we get A T Ty but B L Ty. It means T Eq A B.
But, all condition tuple will fulfill the condition of fuzzy functional dependency.

(2) TEcCr>D and T ep C> D
In this condition, we can compare tuple in "zd” with tuple in "x2” or "z3”, then we
have CMTy #= CNTy but DNTy = DNTy. Also, tuple in x3 then CMT3 # CMNTy but
DnNT;=DnNTy. But for all condition will fulfill the condition of fuzzy implication.

Then we can conclude that:T E=p A B is not equivalent with T =5 A>B. Also, T =7 C>D
is not equivalent with T =p C > D
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Next, we would like to observe the equivalent condition of fuzzy functional and implication
dependency. We review and extend the equivalent condition in the case of boolean[13] to the
general or fuzzy relation case. Let 7 be a fuzzy context on Y. Define another fuzzy context 7~
onYbyT={(S=T)N(T=9)|S,TeT}

Theorem 9.2. T =r A> B if and only if T g A> B.

Proof. First we note that ST1A =T M A is equivalent with (SMALCT) and (TMAC S). By
Lemma 2.1(b), we get STTA =TT A is equivalent to AC (S=T)MN(T = 9).

For all V € T there exists a pair of fuzzy relations S,T € T such that V = (S = T)r1(T = S).
So we have A C V is equivalent with ST A =TT1 A.

(=) Since T Erp A> B, it SMA=TMNAthen SMTB=TMNB. Thenif ACV then BC V
which means 7 ¢ A> B.

(+) Since T =g A>B, we get if AC V then B C V. Then if STTA = TNA then STB =TNB
which means 7 =r A> B. O

Theorem 9.3. (a) If Viy € T, then T =p A> B implies T =g A> B.
(b)) f TCTCET" then T =g A> B if and only if T =rp A> B.

Proof. (a) Assume Vyy € T, then T C T, because (S = Viy) N (Vyy = 5) = S for
S €T. Since T Fr A> B, we have T =g A > B by Theorem 9.2.
(b) (+) Since 7 = T then we proves if T =g A> B then T |=¢ A> B.
(—) From Proposition 6.2 we have 7* =g Ar>B. Since T C T* we have T =g A> B.
So we proved that 7 =g A > B. By Proposition 9.2 we know that 7 ¢ A> B is
equivalent to 7 = A> B. Then we proved T =g A B if and only if T |=p A> B.
0

Using theorem 9.2 and 9.3 can be used to find dependency using the properties then we
can reduced the dataset using the theorems.

10. CONCLUSION

In this paper, we extend the idea that Armstrong inference rules are soundness and
completeness for fuzzy functional and implication dependencies. We proved some properties
about a dependency and an implication. After that, we give an example to explain comparison
between a fuzzy implication and a fuzzy functional dependency. In the common condition, we
can not make fuzzy rules(implication) using attribute dependency, and also vice versa. But,
we also gave a condition that a fuzzy implication and a functional dependency are equivalent
and showed that a functional dependency can be reduced to an implication when the condition
of table(data) is fulfill in theorem 9.2 and 9.3.

Future works include to construct a theory of fuzzy relational database theory with
computer verified formal proofs using relational calculus.
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